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APPENDIX A

In this appendix, we prove that the correction factors of the individual shells are equal in all

three configurations. For the whole exchanger structure with N units, the following holds:

Rr=1)(T"-T") _ (Rp-1) (TW"-T7")
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We remind the reader that stream allocation is associated with M, and M, which

contains information about the number of passes and the corresponding side. Next,
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borrowing from previous work (Underwood (1934), Gardner (1941a) and Ivanova and

Kanevets (1973), we introduce the following expression for the correction factor:

F;,al,Mh,MC = &;(RT' PT) f(ﬁT' PT» al, My, M,) (A-4)

where

A% ~ ~ _ W ﬁ’[‘ i 1
ar(Rr, Pr) = T (A-5)
z Ry =1

is known as the number of transfer units for the pure countercurrent case and is independent
of the exchanger geometry. In turn, f(Ry, Py, al, M, M,) is a certain function of all four
temperatures and the exchanger geometry. Now, from the above equations, we get:

Ff aumym LMTDy = @3 f(Ry, Pr, al, My, M. )LMTDy = f(Ry, Pr, al, My, M) (T —

Tin_Tout)

") = f(Ry, Py, al, My, MC)( L ﬁT’l (A-6)

Similar expressions can be written for individual exchangers in each of the structures
considered in Figure 1 (provided the correct values of R; are used).

Units in Series: the overall and individual heat balances for N units are

Qr = Mpepn (T = T74) = Mcepe (T - T27) (A7)
0f = muepy (T = T3"") = e (T2 = T2%) (A8)
QF = Mpepp (T9Y = T9Y = mep (T3 = TSy i=2,,(N=1) (A-9)
Q= P (1,70 = T = Mp (T3 =~ Ti™) (A-10)

We follow with the area and LMTD equations for each unit.

Q7 = Uaummc AL Fiamyme LMTD] t=1..N (A-11)
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As stated, equation (A-6) is also true for each unit in series. Then, using it, we write:
FSaumpm, LMTDS = f (RS, PS, al, My, M) (T3 — T27) (A-15)
Fiatpnm, LMTDY = F (RS, PY,al, My, M)(TS = T5D) - (A-16)

Fy aumpm, LMTDY = f(Ry, P§, al, My, M)(TSN — Ti) (A-17)

where we know that R{ = Ry Vi. We now propose the following Lemma:
Lemma 1: In a multi-unit heat exchanger arranged in series, with all units featuring equal
area and geometry, and with equal and uniform values of physical properties (densities,
viscosities, heat capacities, etc.) the corrections factors of each unit (F{?al,Mh,Mc) are all
equal.
Ffal,Mh,Mc == F{,Sal,Mh,MC == ng,az,Mh,Mc (A-18)

This lemma was illustrated (not proved) by Nagle (1933) from numerical
experimentation, and later also illustrated by Fischer (1938) for one unit with two passes on
one side. Based on the observation made by Nagle (1933), Bowman (1936) arrived at the
lemma, but only for a certain particular number of passes. Finally, Vengateson (2010) uses
the results of this lemma. All three authors derived the lemma by making use of the
Underwood expression for F’y; 1 ,, and using the same assumptions (same U and same area
for all units). We offer a generalized proof for any number of units and any number of
passes, without making any assumptions. Although the expressions were derived thinking
of STHEs, we remark that they apply to any type of unit, even if they are not stream
symmetric, that is, even when the correction factor does depend on fluid allocation.

Proof: Using equation (1) and the above equations, we write:

P aout S,2 N i i ~ A= S
McCpe (TC —Tc ) _ mcCpc (Tcs'l_TcS’(Hl)) mcCpc (TCS'N_ (i)
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where we remind the reader that all U{S:al, my,m are equal and the flowrates and specific heat

capacity are the same for all units. Using (A-15) through (A-17) for each unit, and

substituting in equation (A-19) we get:

.~  sout S,2 S == S,i_nS,(i+1 P~ SN _&i
mcCpe (Te —T;'") _ mcCpc (T, l_Tc ( )) _ m:Cpc (T; )
~out S2y T i LSS+ T SN _ A
f(RS,PY alMpM.) (Te" = T2%) F(RS PSal,My,M,) (TS T2 (i+1)y f(R,{,,P;f,,al,Mh,Mc)(TC —Tcm)
(A-20)

In the above equations, the temperature differences on the numerator and denominator
cancel and realize that R;-S = Ry, as stated, we conclude that:
f(Rr, P{,al, My, M,) = - = f(Ry, P?,al, My, M,) = -+ = f(Ry, Py, al, My, M) (A-21)
and consequently, because f (R, PY, al, My, M,.) is usually invertible, that is, for each value
of the function, there is one and only one argument P;° , we conclude that

PP =..=P°=..=P§ (A-22)
Because a? (Ry, P}) is also invertible, we conclude from (A-5), and (A-22), that
ai Ry, PY) = =al(Rp, Pf) = =ayRrPy) (A-23)
Then, using (A-21) and (A-23), we get
ai Rr, PY) f(Ry, Py, al, My, M) = - = o Ry, P7)f Ry, PP, al, My, M) = -+ =
ay(Rr, P)f (R, Py, al, My, Mc)  (A-24)
Next, using (A-4), as applied to any individual exchanger, we obtain

S — . — 1S — . — 1S
Fl,al,Mh,MC - = Fi,al,Mh,MC - = FN,al,Mh,MC (A-25)

Q.E.D

Units in Parallel: The temperatures for all exchangers are Ti", T24, Ti*, T2, then the

following expression is trivially straightforward:

P — _ P — _ P
F LalMpM, — T T F, ialMpM, — T F, N,al,Mp,M, (A-26)
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Units in Series-Parallel: Starting from Figure lc. the heat balances are:

Qr = myepn (T — T3 = Meep, (10 ~ T2 (A-27)
7= @(T =T (A-28)
5P = DePe (7570 Tin) =2, (N-1)  (A-29)
SP - @(TEP'N — Tin) (A-30)
57 = myep, (T -1 (A-31)
5P = m,lpy (1370 =137 i=2,..,(N-1)  (A-32)

P = m,lpy (T30 — Four) (A-33)

We now write:

(. SP1 ai SPi i PSP
sp  McChc (TC —Tcm) mccpc (TC ! Tcm) mccpc ( T‘")
N Ul al,Mp, MCA' = F5P LMTDS? " FS MTDS? " T ES LMTDS? (A-34)
1,al,Mh,Mc 1 i,al,Mh,MC i N, al Mh M N

Because equation (A-6) is also true for each unit. We write:

F5r

i

amtn, LMTDE = f(REP, P7, al, My, MO)(TE™ = Tim) - (A-39)

Substituting in (A-34), and taking into account that R}” = R; /N, we get

R R
f (5, PSP, al, My, M) =..= £ (52, PS7,al, My, M) =..= F (2, PP, al, My, M) (A-36)

As in the series case, we conclude that all PiS? are equal, and, similarly, all

a;”(Ry/N,P5®?) are equal, which allows to write that all combined expressions
af?(%T, PSf (RT P”, al,Mh,MC) are equal. Thus,

— .. — ISP
FlathM FlathM = IPNalMpM, (A-37)

The proof for the other series parallel option (PS§) (Figure 1d) has the same derivation:

SP,1 SP, P SPN
sp thph(Tﬁn T ) thph(T,;n—T l) thph (Tm—Th )

Ul al,Mp, MCA = 55P LMTDSP " F5P IMTDS?  FS LMTDS? (A-38)
LalLMp,Mc 1 LalL,Mp,Mc i NathM N

Using equation (A-6), we write:

SP,i
T )

Tin
Finmm, LMTD” = f(R}”, PP, al, My, M C)(—

1

(A-39)

which after substitution in (A-38) leads to (A-36), and (A-37).



APPENDIX B

We derive the value of the correction factor for the whole set of units.
Units in Series: We start writing the LMTD expressions

Us S, BS (ﬁr—l)(fc"“t—fc‘")ﬁ %1
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Adding (B-3), (B-4) and (B-5) for all units, using the fact that all areas, heat transfer

coefficients, and correction factors are the same (Lemma 1, above), we get

— S ST =T ) Rp 1

S

S 1-P3
A — S _ 118 AT s ln( 55 )
QT - Zi=1,..N Qi - Ul,al,Mh,MC N Fl,al,Mh,MC 1-PYRT

o CCO T B W
5 —RroD) _(fout Fin) Ry = 1
A 1
= Uis,al,Mh,MCWTFls.al,Mh,Mc ln(l—“ﬁr) (B-5)
N(Ti" — Tout) Rr=1

We now write:

N ~in & S,(i-1 S,i S,(N-1 S,N ~in &
() = () oGty (0 (00 g
() -

1-PF Ry 1-PSRr) @ toTS?) (T;ls,i_TCS,(i+1)) (ToWE_fimy  — powt_qin
1—pT A
e Ry #1 (B-6)
Therefore
1-pP$ 1-P
Nin(25)=m(22) Rp#1 (B-7)
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which renders:



Taking the limit of this expression for Ry — 1 (using L’Hdpital rule), one obtains

S _ Pr B _ )
Pr = N+(1-N)Pr Rp=1 (B9

Then, substituting and comparing with (B-1), and because all correction factors are

equal, we get (for any value of Ry):

S _ S
Frampm, = Fiaumym, (B-10)

Remark: the above result only applies to arrangements where the flow arrangement is equal
in all units or where slightly different flow arrangements still render the same result. For
example, for multiple-pass STHEs, the flow arrangement can be co-current or counter-
current (Figure S-4 in Supplemental Material). This gives rise to 4 possible arrangements
for two interconnected shells with 1 shell pass and 2 tube passes, of which the co-
current/countercurrent and the countercurrent/co-current are the most popular. Nagle (1933)
was the first to point out that the correction factor curves are the same “whether the shell-
side fluid enters near the fixed head or near the floating head”. Later Underwood (1934)
analyzed the differential equations corresponding to both cases. Finally, Bowman (1940)
states that “The correction factor is the same whether the shell-side fluid enters at the fixed
or the floating head”. We integrated the differential equations in Matlab and obtained the
same outlet temperatures irrespective of the orientation.

Units in Parallel: In this case, using (A-1)

Rr-D(T-TE) 5

P _ P Af op ln( 1-Pr )
Qi = UViamym, - Fiarmpm, 1-PrRr (B-11)

(Tgw —Tin)  Rp=1




where the inlet and outlet temperatures are the same (the split is in equal proportions). Then,
given (A-25) and the fact that Ry =R as well as P’=P; , we have

we obtain

P _ P
Frampm, = Fiaumpym, (B-12)

which shows that the overall correction factor is equal to the correction factor for each unit.
Units in Series-Parallel: Consider the case of Figure 1c. To obtain the correction factor
corresponding to the whole structure (Ffy_ ), we start with the heat balances for R} # 1

G S i )
7 = Ulampm AL F1MS1 M, : ( 1 pS? ) Ri” #1 (B-13)
n

1
SP pSP
1-P7" Ry

(RSP —1)(13Pi-1in
ULathMCASPFLathM ( 1(_;$T >C ) RZ'S? #1 (B'14)

L
nl——i
e

SP,N &i
Ry - =T

SP _ 1SP SP SP SP
N = UNamom AN ENaimym, = Ry #1 (B-15)
l —_—aN
(1—P%RR§f>

Then, adding (B-11), (B-12) and (B-13) for all units and using A" = A$” /N together
with R?¥ = Ry /N as well as (A-37) we get

SP, i

A 2 SP U F (RT/N 1)21 1, N(Tc ! Tén) —

QT - i=1,.N Qi lathMc N 1,Mp,M, 1— PS.’P -
In| —t—

(Rp/N-1)(T¢"-TE))
UlathMAS:PFthMC < 1&,{? )C) Rr/N # 1 (B-16)
!

N\ ——p <p»
5P RSP
1-P3PRY

SP,i
where we used the fact that 33,1 T2

=N T?ut, which is the energy balance at the mixer.
A 1 d SP,i SP SP
s already established in Appendix A, P>7", a;” (Ry/N, P?") and F, al MM, are equal for

all exchangers. First, note that.

SP,1 in SPi ~i ~out i
[L(1 = PRI = (1 — pirgeeyy = W) _mrion | apeedin
i i i 1 1 Tflln —fin T,f?'(l'l)—fci" T]f]’.(N—l)_rfCin
Tf?ut_fcm _ o~
hogir = 1= Prfy (B-17)

Therefore, because all P{* are equal (Appendix A), we have

(1—=PPPRy/N) = (1 — PrRp)YN (B-18)
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From this expression, one can also write:

sp _ 1-(1—PrRp)Y/N
P = — N (B-19)
Therefore:
(Rp/N-1)(T¢"-Tén -
Qr = U3 athMCAS?F 1,Ms, M, (r ) Ry/N #1 (B-20)

N
" 1- E[1—(1—PTRT)1/1V]
(-PrRp)Y/N

which, when compared with the overall expression:

A (Rr—1)(7¢“-Ti) -
SP :SP
Qr 1al MiMAT Fraum,m, 1Py Rr#1 (B-21)
ln((l—f’Tf*’T))
renders
;?T 1—1’57'
(W_l) ln(l—ﬁTﬁT)

R;/N #1,R; #1 (B-22)

F ,al,Mp,Mc — Fl al,Mp,Mc (Rr-1) 1_%[1_(1_13T§T)1/N]
T
in (1—IST§T)1/N

Taking the limit of the expression for Ry # 1 for Ry — 1 (using L’Hopital rule), one

obtains

~N-1(5)

FT aLMp,M; — Fls,l\?;lh,Mc ) \ Rr=1 (B-23)
N In| (-Pp)N 7|
1- N[1-(1-Pp)N

Finally, we take the limit of the expression for Ry/N # 1 for Ry — N (using
L’Hopital rule), to obtain

l—pT
ln(l—ﬁTN) R

Il—(l—ﬁrlv)ﬂ ~=1 (B24)

N-1D){+——7F—+
(l—ﬁTN)N

SP
FT,al,Mh,MC Fl al,Mp,M.

The derivation for the arrangement in Figure 1d is similar: For Rj*® # 1

.'P5_1 (TLTL_T:PS 1)
= U s AT P, S = ] RPS 1 (B-25)
l

| ——d
1-PTSRTS

PS A1 PS,i
U ATSF (Ri _1) (Tfltn )
i,al,MpM, i,Mp,M.

Rips ! 1P?5
Y .
1-PPSRPS

_1 (Tm T:PSN)
= Uiaump APSFNMhMC( Y ) ( S ) R}® # 1(B-27)
In

RP® #1 (B-26)
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Again, adding all these expressions, and using the fact that RY’® = N R, and A%® =

NATS, renders

PS 5 Z__ Ti‘n_TfPS,l'
A PS _ 11 PS Ar SP (NR7-1) 1—1,..N( h h 5
Qr = 2i=1, v Qi° = Ui qim,m, v Fiaimpm, Nfr ( — ) NRy #1 (B-28)
l

1-PPSNRm
1-P° NRp

Now, we write

T, 7 i Ain  sout
[L(1— PPy = (1 — pPsyy = LT @y =1e™h | @) _
i i l (T;ln_TlCn) (T;ln_TZas,(l—l)) (T;ln—TfS'(N_l))

~in sout

Gte) =15, (B-29)
(Th=Tc )
Therefore,
PPS =1- (- PV (B-30)
With this result, we have:
(1-PPRP*)=(1-PR/N)=1-[1- 1 —-P)YN]|R;N (B-31)
Thus:
oap-n (1)

Qr = Uf’cﬁ,Mh,MCA%’SF?‘S NR; #1 (B-32)

l,Mh_,MC NﬁT n (1_1’3T)1/N
(1—§TN[1—(1—f’T)1/N]

which, when compared with the overall expression (B-20) renders

1-P
5 In ==
PS _ PS (NRr-1) (1—PTRT) 5
FT,al,Mh,MC - Fi,al,Mh,MC N(Rp-1) ln( (1-Pp) /N ) NRT #1 (B'33)

(1—R’TN[1—(1—T3T)1/N]

We take the limit of this expression for Ry — 1/N (using the L’Hépital rule), to

obtain
1-Pr/N
PS _PS ln( 1_11;T) 5 _
Fraimpm, = Fiaympm, [=(1-P) /] NRr =1 (B-34)
oo )

Gardner (1942) used the same assumptions to develop a relationship between the

individual values of F; and the global F for this type of configuration.
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	Taking the limit of this expression for ,,𝑹.-𝑻.→𝟏 (using L’Hôpital rule), one obtains

